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Summary . In this article, we will �rst highlight a method proposedby Hlawka and
M•uck to generate low-discrepancy sequenceswith an arbitrary distribution H , and
discuss its shortcomings. As an alternativ e, we propose an interpolated inversion
method that is also shown to generate H -distributed low-discrepancy sequences,in
an e�ort of order O(N log N ).

Finally , we will address the issue of integrating functions with a singularit y on
the boundaries. Sobol and Owen proved convergencetheorems and orders for the
uniform distribution, which we will extend to general distributions. Convergence
orders will be proved under certain origin- or corner-avoidance conditions, as well
as growth conditions on the integrand and the density. Our results prove that also
non-uniform quasi-Monte Carlo methods can be well applied to integrands with a
polynomial singularit y at the integration boundaries.

1 In tro duction

The numerical solution of several problems arising in �nancial mathematics
require the useof non-uniformly distributed point sequences.In many cases,
(pseudo-) random sequencesfor a given density are generatedby somekind
of transformation, possibly involving two or more independent random vari-
ables. As quasi-Monte Carlo sequencefollow a given construction scheme,
subsequent elements of the sequencedo not satisfy the requirement of inde-
pendence.A good overview over several other ways to generatenon-uniformly
distributed (pseudo-) random sequencescan be found in the Devroye's mono-
graph [2]. Unfortunately , almost none of them can be applied to QMC.

In 1972,Hlawka and M•uck [8] proposeda method to generateH -distributed
sequenceswith low discrepancy by using the (quasi)-empirical distribution
function instead. Later, they also extended the method to multi-dimensional
sequences[9].
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The caseof dependent random variates is more involved, and hardly any-
thing about this caseis known for quasi-Monte Carlo methods. For special
distributions with given marginals and covariancematrix generationmethods
are known, like the NORTA and QUARTA methods [6]. Again, in this case,
the inverseof the marginals needsto be known to apply the transformation,
so this method is also not applicable in most cases.

In this article, we will �rst investigatethe Hlawka-M•uck method and high-
light its shortcomings. We will then propose some adaptions to make the
generated sequencesmore suitable in many practical casesand investigate
sequencesgeneratedby an approximated inversion of the cumulativ e distri-
bution function.

In the secondpart we will point our view to the non-uniform integration
of singular integrands. QMC integration of functions with a singularity at
the integration boundarieswere already investigated by Sobol' [17], and later
as non-uniform integration problems by Hartinger, Kainhofer, and Tichy [5].
Both publications give criteria for convergenceof the singular integral, but
do not explicitly prove error orders. Owen [15] proved thesefor uniform inte-
gration using certain growth conditions on the function near the singularity.
In this paper we will expand Owen's results to integration with respect to
arbitrary densities.

2 Basic De�nitions

Remark 1. Although all results in the article will be formulated on the unit
cube Us = [0; 1]s , they are valid on any compact subinterval [a; b] � Rs by a
simple a�ne transformation of the sequenceand all corresponding entities.

2.1 Discrepancy and Koksma-Hla wk a Inequalit y

When dealing with quasi-Monte Carlo sequences,the most common measure
of their distribution properties is the discrepancy. For uniformly distributed
sequenceson Us it measuresthe maximum error one can obtain on intervals
parallel to the axes:

De�nition 1 (uniform discrepancy). The discrepancy D N (! ) of a se-
quence ! = (x 1; x2; : : :) is de�ned as

DN (! ) = sup
J � U s

�
�
�
�

1
N

AN (J; ! ) � � (J )

�
�
�
� ;

where AN counts the number of elementsof (x1; : : : ; xN ) falling into the in-
terval J , i.e. AN (J; ! ) =

P N
n =1 � J (xn ), and � denotesthe Borel-measure of

the interval J .
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The best sequencesknown to date (e.g. Halton, Sobol, Faure sequences,and
(t; s)-nets) havea discrepancyorder of O (logs N=N ), which is alsoconjectured
to be optimal.

The notion of discrepancy is especially important in view of the famous
Koksma-Hlawka inequality, which allows to bound the quasi-Monte Carlo in-
tegration error by the variation of f multiplied by the discrepancy of the
sequence! . A good discussionof variation can be found in [16], and a de-
tailled overview on discrepancyand low-discrepancysequencesis given in the
monographsby Niederreiter [14] and Drmota and Tichy [3].

A similar concept of discrepancy can be de�ned for non-uniformly dis-
tributed sequences,i.e. sequenceswith density h or distribution function H :

De�nition 2 (non-uniform discrepancy). The H -discrepancy of the se-
quence ~! = (y 1; y 2; : : :) measures its distribution properties with respect to
the measure H on Us. It is de�ned as

DN ;H (~! ) = sup
J � U s

�
�
�
�

1
N

AN (J; ~! ) � H(J )

�
�
�
� :

Theorem 1 (non-uniform Koksma-Hla wk a Inequalit y, [1]). Let f be a
function of bounded variation on Us , H a probability distribution with contin-
uous density on Us and ~! = (y 1; y 2; : : :) a sequence on Us. Then the QMC
integration error can be bounded by

�
�
�
�
�

Z

U s
f (x)dH(x) �

1
N

NX

n =1

f (yn )

�
�
�
�
�

� V (f )DN ;H (~! ): (1)

2.2 Existing Metho ds for the Generation of Non-Uniform
Sequences, and Their Problems

The Koksma-Hlawka inequality gives a convergencecriterion for QMC inte-
gration, and shows that asymptotically QMC methods have to be preferred
over Monte Carlo methods, due to their error order of O (logs N=N ) compared
to 1=

p
N for Monte Carlo integration.

For generatingnon-uniformly distributed low-discrepancysequences,most
desirable would be the direct transformation of uniformly distributed se-
quencesto H -distributed sequencesusing the inverseof the distribution func-
tion H � 1 (the conditional distribution functions or the marginal distributions
for multi-dimensional sequences).Such a transformation preserves the dis-
crepancy in one dimension, i.e.

DN (! ) = DN ;H (H � 1(! )) ;

and is independent of the value of N , so that it can be used to generatean
arbitrary number of points. In most cases,however, the distribution func-
tion is not explicitly available, so this method is no easily applicable. In the
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multi-dimensional casewith dependenciesbetween the dimensions,even the
discrepancyis not preserved, as intervals are not transformed to intervals.

The most common practice for pseudo-randomvariates, the acceptance-
rejection method, alsofails for quasi-Monte Carlo sequences.The main reason
is that the rejection e�ectiv ely intro ducesdiscontinuities into the integrand,
which leads to bad results of QMC methods, as several numerical investiga-
tions show (e.g. [12, 18]). Even the Koksma-Hlawka inequality fails to provide
error boundsdue to the unboundedvariation of such functions. An additional
problem is the high number of discarded points, so the cost of generating a
sequenceof N points is at least one order of magnitude higher.

To tackle the problem of integration with other densities,Wang proposed
a smoothed rejection sampling method [18] by adapting the integrand. Thus,
while his method avoids the jumps in the integrand, it cannot be used to
directly generate H -distributed sequences.The same shortcoming appears
with the approach of strati�ed sampling, where the integration domain is
split into various areas,and in each area n i uniformly distributed points are
generated.While this methods works well for integration, the sequencesused
therein do not display very good distribution properties.

3 The Hla wka-M •uck Metho d

The idea behind the Hlawka-M•uck transformation [8, 9] is to usean approxi-
mation of the distribution function in the inversionmethod. Instead of directly
taking this value, they again use the original sequenceto count the relative
number of elements below that value and use this number as the new point.
This way, the quasi-Monte Carlo error will not only involve the discrepancyof
the original sequence,but alsothe quality of the approximation. They prove a
bound on the discrepancyof D N ;H (~! ) � (1 + 4M )sDN (! ), where M denotes
the supremum of the density.

In 1996,Hlawka [7] gave a modi�cation of the Hlawka-M•uck method using
the one-dimensionalmarginal distributions instead of the conditional distri-
butions for the transformation.

De�nition 3. Let h(x) be a density function on [0; 1]s. For a point x =�
x(1) ; : : : ; x(s)

�
2 [0; 1]s we de�ne the marginal distribution functions as

H1(x(1) ) =
Z x (1)

0

Z 1

0
� � �

Z 1

0
h(u)du

H2(x(2) ) =
Z 1

0

Z x (2)

0
� � �

Z 1

0
h(u)du

...

H s(x(s) ) =
Z 1

0

Z 1

0
� � �

Z x ( s )

0
h(u)du :
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As each of the functions H i is invertible, Hlawka de�nes a transformation
and bounds the discrepancyof the transformed sequenceas follows:

Lemma 1 (Hla wk a [7]). Let H (x) denote a cumulative distribution func-
tion with density h(x) = h1(x(1) )h2(x(2) ) � � � hs(x(s) ) de�ned on Us and
M h = suph(x). Let furthermore ! = (x1; x2; : : : ; xN ) be a sequence in Us

with discrepancy DN (! ). Then the point set ~! = (y 1; : : : ; y N ) with

y( j )
k =

1
N

NX

r =1

j
1 + x( j )

k � H j

�
x( j )

r

�k
=

1
N

NX

r =1

� [0;x ( j )
k ]

�
H j

�
x( j )

r

��
(2)

has an H -discrepancy of

DN ;H (~! ) � 2(1 + 3M h )sDN (! ) :

The advantage of this approach is that the approximation quality of the
distribution function increaseswith the number of sampledpoints N , so that
the resulting H -distributed sequenceis again a low-discrepancysequence~! ,
at least for independent marginals. For dependent marginals, in particular if
the distribution function doesnot factor, the discrepancycan only be proved
to satisfy the inequality D N ;H (~! ) � c(DN (! ))1=s .

Observe, however, that in these integration problems at least in principle
one can always avoid dependent sequencesby hiding the dependencein the
integrand through an incorporation of an appropriate copula (see[13] for an
intro duction into copulas).

Applying the Hlawka-M•uck method to singular integrands,we found [4, 5]
that theselow-discrepancysequencesalso work well with singular integrands,
but only with an additional shift of all components with y( j )

k < 1=N to a
value of 1=N . By this shift the order of the discrepancyis preserved, and the
resulting sequenceis a low-discrepancysequencewith density h.

However, the Hlawka-M•uck method also has several disadvantages:

1. The resulting sequenceis generatedonly on a grid with spacing 1
N . While

the resulting sequencedisplays the required distribution properties, for
several applications �ner-grained sequencesare of desire.

2. Several points might have identical coordinates, in particular for highly
peakeddistributions. Consequently , the minimum distanceprinciple, which
is desiredin several applications in computer graphics(seee.g. [11]), is no
longer ful�lled.

3. The construction of each point involvesa sum over all other points, so the
cost is O(N 2), and the (numerically expensive) distribution function has
to be evaluated sN times.

4. One has to �x the number N beforehand,and the resulting set will heav-
ily depend on it. This also meansthat when adding somepoints to the
sequence,all other elements have to be regenerated.

In the sequelwe will present several ways to solve or at least considerably
improve theseproblems for most practical uses.
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4 In terp olation

For someapplications the Hlawka-M•uck methods have the drawback that all
points of a set with cardinalit y N lie on the lattice f x 2 Us

�
�x( l ) = i=N for 0 �

i � N ; 1 � l � sg. Rather than using the non-continuous quasi-empirical dis-
tribution, we therefore proposeto usea smoothed approximation, where the
valuesbetweenthe jumps are interpolated in the empirical distribution func-
tion. The idea is to avoid the lattice structure and improve the approximation
of the inversedistribution function.

Theorem 2. Let ! N = (x1; : : : ; xN ) be a sequence in Us with discrepancy
DN (! N ), and H (x) a distribution function with bounded, continuous den-
sity h(x) =

Q s
i =1 hi (x( i ) ) and hi (x( i ) ) � M < 1 for all i . Furthermore, let

H i (x) =
Rx

0 hi (u)du and de�ne for k = 1; : : : ; N and l = 1; : : : ; s the values

x( l ) �
k = max

A =
n

x i 2 ! N

�
� H l (x ( l )

i ) � x ( l )
k

o x( l )
i ; and x( l ) �

k = 0 for A = ; ;

x( l )+
k = min

B=
n

x i 2 ! N

�
� H l (x ( l )

i ) � x ( l )
k

o x( l )
i ; and x( l )+

k = 1 for B = ; :

Then the discrepancy of the set �! N = (y k )1� k � N generated by

y( l )
k =

H l

�
x( l )+

k

�
� x( l )

k

H l

�
x( l )+

k

�
� H l

�
x( l ) �

k

� x( l ) �
k +

x( l )
k � H l

�
x( l ) �

k

�

H l

�
x( l )+

k

�
� H l

�
x( l ) �

k

� x( l )+
k (3)

can be bounded by
DN ;H ( �! ) � (1 + 2M )sDN (! ):

For the proof, we needto recall a lemma from the original paper of Hlawka
and M•uck [9]:

Lemma 2. Let ! 1 = (u1; : : : ; uN ) and ! 2 = (v 1; : : : ; v N ) be two sequences in
Us. If for all 1 � j � s and all 1 � i � N the condition

ju( j )
i � v( j )

i j � " j

holds for some values" j , we get the following bound on the di�er ence of the
discrepancies

jDN (! 1) � DN (! 2)j �
sY

j =1

(1 + 2" j ) � 1: (4)

Proof (Proof of Theorem 2). We �rst start with the one-dimensionalcase.
The set �! N = f y1; : : : ; yN g is H -distributed, so that the set H ( �! N ) =

f H (y1); : : : ; H (yN )g is uniformly distributed and their respective discrepan-
ciesare equal.
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We want to apply Lemma 2 with ! 1 = ! N and ! 2 = H ( �! N ), so for
1 � k � N we obtain

jH (yk ) � xk j =
�
�H (yk ) � H (H � 1(xk ))

�
� =

�
�
�
�
�

Z yk

H � 1 (x k )
h(t)dt

�
�
�
�
�

� M
�
�yk � H � 1(xk )

�
� � M DN (! N ): (5)

The last inequality can be proved as follows: By the de�nition of x �
k and

x+
k we have H (x �

k ) � xk � H (x+
k ), and by the monotonicity of H (assuming

it is continuous, otherwise similar arguments can be used) we get

x �
k � H � 1(xk ) � x+

k :

Furthermore, yk as constructed in (3) is just a linear interpolation between
x �

k and x+
k , so we have the samebounds: x �

k � yk � x+
k .

Subtracting thesetwo, we get the estimate
�
�H � 1(xk ) � yk

�
� �

�
�x+

k � x �
k

�
� � max

1� j � N
min
i 6= j

jx i � x j j � DN (! N );

where the last inequality can easily be seenvia the de�nition of the discrep-
ancy, or via the notion of dispersion (seee.g. [3]).

Applying Lemma 2 with " = M D N (! N ) �nally gives:

jDN (! N ) � DN ;H ( �! N )j � 2M DN (! N )

and thus DN ;H ( �! N ) � (1 + 2M )DN (! N ).

For the multi-dimensional version we can bound the one-dimensionalpro-
jections like in the one-dimensionalcase(5), so again applying Lemma 2 we
get

DN ;H ( �! N ) � DN (! N ) + (1 + 2M DN (! N )) s � 1

Expanding the binomial term and using (D N )k � DN , since DN � 1, we
�nally get the desiredresult D N ;H ( �! N ) � (1 + 2M )s DN (! N ) : ut

Remark 2. From the proof, it can readily be seenthat this bound holds for
every construction that leadsto

y( l )
k 2

h
x( l ) �

k ; x( l )+
k

i
:

Thus the kind of interpolation is not relevant for the discrepancy bound,
as the smoothnessof the interpolation is not taken into account. Using some
additional restrictions on the interpolation, onemight �nd evenbetter bounds.

In order to integrate functions with singularities at the boundary it will be
convenient to shift the interpolated sequencein an appropriate way to avoid
regionsthat lie too closeto the singularity.
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Corollary 1. Let ( �! N ) = f y1; : : : ; yn g be constructed as in Theorem 2. Then
the sequence !̂ N = f ŷ1; : : : ; ŷn g de�ned by

ŷ( l )
k =

8
><

>:

x( l )+
k if A = ; ,

x( l ) �
k if B = ; ,

y( l )
k otherwise,

has an H -discrepancy of order

DN ;H (!̂ ) � (1 + 2M )sDN (! )

and the samedistance

min
k=1 ;:::;N

min
1� j � s

min(ŷ( j )
k ; 1 � ŷ( j )

k )

to the boundaries as the original sequence ! .

In the construction onemight question why onedoesnot usethe point set�
k
N

	
0� k � N

to approximate the distribution function. However, in that case,
adding one single point to the set would then also change the whole set of
support points. As a result, the distribution function for all support points
would have to be reevaluated, which in practice is the numerically expensive
part of the calculation. If one usesthe points of the original low-discrepancy
sequence,the distribution function only has to be evaluated at the new point,
although all y k will still have to be readjusted.

4.1 Using Di�eren t Sequences for Appro ximation and In version

In the previous section we investigated a transformation, where the distribu-
tion function in each dimension was approximated using the corresponding
low-discrepancysequencefor that dimension. Thus the distribution function
has to be evaluated sN times. As this evaluation is the numerically expensive
part of the generationfor moderate valuesof N it is of advantage for practical
applications to lower the number of evaluations.

The idea now is to usethe sameone-dimensionallow-discrepancysequence
!̂ = (zi )0� i � N for all dimensionsto approximate the distribution function. If
two or more dimensionssharethe samemarginal distribution, the cumulativ e
distribution function has to be evaluated only N times instead of a multiple
of N . Again, the resulting sequencedisplays the low-discrepancyproperty:

Theorem 3. Let !̂ = (zi )1� i � N be a one-dimensionalsequence with discrep-
ancy DN (!̂ ), and ! = (x i )1� i � N an s-dimensional sequence with discrepancy
DN (! ). Let furthermore H (x) like in Theorem 2, and similarly de�ne

z( l ) �
k = max

A =
n

z i 2 !̂
�
� H l (z i ) � x ( l )

k

o zi and z( l )+
k = min

B=
n

z i 2 !̂
�
� H l (z i ) � x ( l )

k

o zi :
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Fig. 1. Hlawka-M•uck and our interpolation construction

Again, we set z( l ) �
k = 0 if A = ; and z( l )+

k = 1 if B = ; .
Then the H -discrepancy of any transformed sequence �! = (y k )1� k � N with

the property y( l )
k 2

h
z( l ) �

k ; z( l )+
k

i
for all 0 � k � N and 0 � l � s can be

bounded by
DN ;H ( �! ) � DN (!̂ ) + DN (! )(1 + 2M )s :

Proof. Similar to the proof of Theorem 2 we obtain in one dimension
�
�yk � H � 1(xk )

�
� �

�
�z+

k � z�
k

�
� � DN (!̂ N ) ;

and from this jH (yk ) � xk j � M DN (!̂ N ). As a result, we have DN ;H ( �! N ) =
DN (H ( �! N )) � 2M DN (!̂ N ) + DN (! N ).

Applying the samestepsto the one-dimensionalprojections, and using the
samerelations as in the previous theorem, we get the bound

DN ;H ( �! N ) � DN (! N ) + DN (!̂ N ) (1 + 2M )s

for the multi-dimensional case. ut

To get a better understanding of the di�erences in the Hlawka-M•uck
method and our interpolation method, both are depicted in �gure 1.

In many applications, like the evaluation of Asian options with a given
distribution of the stock prices (seee.g. [4]), all dimensions share the same
one-dimensionaldistribution, and thus the distribution function can be fac-
tored into a product of s identical factors: H (x) =

Q s
i =1 H (1) (x( i ) ), where

H (1) (x) denotesthe one-dimensionaldistribution function. In that case,the
distribution function has to be evaluated only N times, instead of sN time as
in other methods.
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Since the sequenceto approximate the distribution function and the se-
quence used for inversion are now decoupled, we can lower the generation
e�ort even more by pre-sorting the support points

�
H (1) (zk )

�
1� k � N :

Lemma 3. Let H (x) =
Q s

i =1 H (1) (x( i ) ). The numerical cost of generating an
N -element, H -distributed low-discrepancy sequence as de�ned in Theorem 3
has a numerical cost of O(N logN ).

Proof. The generationof the H -distributed sequenceconsistsof several steps:

(1) Generation of the uniformly distributed sequence(!̂ N ),
(2) Generation of the uniformly distributed sequence(! N ),
(3) Calculation of the distribution function ĤN = H (1) (!̂ N ),
(4) Pre-sorting the support points ĤN ,
(5) For each 1 � n � N

a) �nding the corresponding valuesz�
k and z+

k , and
b) calculating the resulting point y k .

Clearly, (1), (2), and (3) are of order O(N ). Sorting an N -element set of
numerical values is of order O(N logN ) using Merge Sort or Heap Sort (see
[10]). Finally, for each of the N elements, �nding the valuesof z( l ) �

k and z( l )+
k

is of order O(log N ) since the ĤN are already sorted. The actual calculation
of y ( l )

k from the z( l ) �
k is of constant order for each of the N elements. Thus

we obtain an asymptotic order of

3O(N ) + O(N logN ) + O(N logN ) + O(N ) = O(N logN ): ut

Remark 3. If one does not use an N -element sequenceas !̂ N , but an ~N =
pdlog p N e-element sequence,onecan always add new points to the sequencein
linear e�ort, until the number of elements gets larger then ~N . Only for these
logarithmically many points all N points createdso far needto be readjusted.
For all other cases,however, the already existing points do not need to be
touched. This is of advantage and will also lower the total simulation e�ort if
one doesnot know the exact number of required points a priori.

4.2 Comparing the Actual Discrepancy

As a quick check of our theoretical results, wecomparedthe discrepancyof the
sequencesgeneratedby the Hlawka-M•uck and by our interpolated transfor-
mation method with the discrepancyof the original sequence.Unfortunately ,
the L 1 - (or extreme) discrepancy D N ( �! N ) cannot be calculated explicitly
in dimensionshigher than 2, so we will compared the L 2-discrepancy, which
describesthe meanerror instead of the maximum error over all subintervals of
[0; 1)s containing the origin. As one can already expect from the discrepancy
bounds proved above, for both transforms we do not seeany e�ect in the
L 2-discrepancycomparedto the untransformed sequences.
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5 Non-Uniform In tegration of Singular Functions

Using the results from the previous sections,one can bound the QMC inte-
gration error for functions of �nite variation. However, for functions with a
singularity - which appear for examplein many problemsfrom �nance - these
bounds are in�nite.

Sobol' [17] proved a convergence theorem for singular integration us-
ing uniformly distributed low-discrepancy sequences,Owen [15] proved the
corresponding error orders under some growth conditions on the function.
Hartinger, Kainhofer, and Tichy [5] proved a similar convergencetheorem
for non-uniformly distributed sequences,albeit using an L-shaped region for
cutting o� the integral. Sobol and Owen, in contrast, mainly looked at hy-
perbolic regions,which require more sophisticated proof techniques, but can
give better error orders in general.Both their proofs make useof the so-called
low-variation extension of a function (see [16], although the idea is due to
Sobol'). In the following we will use Owen's notations, where (a : b) denotes
the set of integersa through b, while for u � (1 : s) and x; y 2 Us we denote
by xu : y � u the point where the coordinates u are taken from x, while the
coordinates (1 : s) nu are taken from y. Also, we will usetwo special typesof
regionsthat excludea certain volume around the origin or all corners:

K or ig
min (" ) =

n
x 2 Us

�
�
� min

1� j � s
x( j ) > "

o
(6)

K or ig
pr od(" ) =

n
x 2 Us

�
�
�

sY

j =1

x( j ) > "
o

(7)

K cor ner
min (" ) =

n
x 2 Us

�
�
� min

1� j � s
min(x( j ) ; 1 � x( j ) ) > "

o
(8)

K cor ner
min (" ) =

n
x 2 Us

�
�
�

sY

j =1

min(x( j ) ; 1 � x( j ) ) > "
o

(9)

K or ig
min avoids the origin and the lower boundariesvia an L-shapedregion,while

K or ig
pr od avoids it via a hyperbolic region. K cor ner

min and K cor ner
pr od have similar

avoidancepatterns, but for all cornersat the sametime.

De�nition 4 (lo w-v ariation extension). Let f : Us 7! R be an s-times
di�er entiable function (possibly unbounded at the de�nition boundaries, but
bounded inside). Furthermore, let K � Us a region with anchor c 2 Us. That
is, for each x 2 K we have[x ; c] � K . Then the low-variation extension ~f of
f from K to Us is de�ned by

~f (x) = f (c)+
X

;6= u� (1: s)

(� 1)ju j
Z

[x ( u ) ;c( u ) ]

�

z( u ) :c ( � u ) 2 K @u f
�

z(u) : c( � u )
�

dz(u) :

(10)
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Owen [16] showed that its Vitali and Hardy-Krause variation are bounded by

VU s ( ~f ) �
Z

K

�
�
�@(1: d) f (x)

�
�
� dx (11)

VHK ( ~f ) �
X

u6= ;

Z

K u (1 ( � u ) )

�
�
�@u f

�
x (u) : 1( � u )

� �
�
� dx (u) ; (12)

using the de�nition K u (b ( � u ) ) =
�

x (u) 2 U j u j jx (u) : b ( � u ) 2 K
	

.
We will in the sequelonly considersingular functions that ful�ll oneof the

growth conditions for someA j > 0, B < 1 , and all u � (1 : s):

j@u f (x )j � B
sY

j =1

�
x( j )

� � A j � � j 2 u

, or (13)

j@u f (x )j � B
sY

j =1

min
�

x( j ) ; 1 � x( j )
� � A j � � j 2 u

: (14)

5.1 L -shap ed Regions

As a �rst casewe will considersequencesthat lie in K or ig
min (" ), and thus avoid

the origin in an L-shaped region. This property can easily be seenfor the
Halton and general(0; s) sequences,and alsofor non-uniform low-discrepancy
sequencesthat are generatedby the Hlawka-M•uck transformation (with shift,
as shown in [5]). This casewas already investigated by the authors in [5],
but no explicit error bounds were given. In [4] it was applied to the special
example of pricing an Asian option, and error bounds were given for that
speci�c problem.

The error boundsgivenby Owen[16] for the uniform distribution areeasily
generalized.

Theorem 4. Let f : Us 7! R, and ! N = f x1; : : : ; xN g be a sequence with
x j 2 K or ig

min ("N ) for 1 � j � N . Let furthermore H (x) be a distribution on Us

with density h(x) and M " = supx 2 U s nK or ig
min ( " ) h(x) � 1 . If f ful�l ls growth

condition (13), and 0 < " N = CN � r < 1, then
�
�
�
�
�

Z

U s
f (x )dH(x) �

1
N

NX

n =1

f (xn )

�
�
�
�
�

� C1DN ;H N r
P s

j =1 A j + C2N r (max A j � 1) M " N

(15)
with someexplicitly computable, �nite constants C1, and C2.

Also, if x j 2 K cor ner
min ("N ) for all j with 0 < " N = CN � r < 1=2, and f is

a real-valued function on (0; 1)s that ful�l ls growth condition (14), then (15)
holds. M " has to be taken as the supremum over Us nK cor ner

min (" ) in that case.

The proof is obtained by replacing the Koksma-Hlawka bound in [15, Proof
of Theorem 5.2] by Chelson's non-uniform bound (1) and factoring out the
supremum of the density M " when necessary.
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Proof. Using a 3"-argument, we have

�
�
�
�
�

Z

U s
f (x)dH(x ) �

1
N

NX

n =1

f (xn )

�
�
�
�
�

�

�
�
�
�

Z

U s

�
f (x) � ~f (x )

�
dH(x)

�
�
�
� +

�
�
�
�
�

Z

U s

~f (x)dH(x) �
1
N

NX

n =1

~f (xn )

�
�
�
�
�
+

�
�
�
�
�

1
N

NX

n =1

~f (xn ) �
1
N

NX

n =1

f (xn )

�
�
�
�
�

(16)

The last term vanishes,sincef (x) = ~f (x) on K .
The second term can be bounded by VH K ( ~f )DN ;H (! ) using the non-

uniform Koksma-Hlawka inequality (1), and using Owen's inequality (12) for
VH K ( ~f ) even further by C1N r

P s
j =1 A j DN ;H (! ) with C1 = B

Q s
j =1 C � A j A � 1

j .
Finally, for the �rst term we useLemma 5.1 of [16]: If K � Us with anchor

c = 1, and f ful�lls growth condition (13), then for all x 2 U K = Us � K we

have
�
�
� f (x) � ~f (x)

�
�
� � ~B

Q s
j =1

�
x( j )

� � A j with ~B = B
Q s

j =1

�
1 + 1

A j

�
.

Thus, the �rst term can be bounded by
�
�
�
�

Z

U s

�
f (x) � ~f (x )

�
dH(x)

�
�
�
� �

Z

U K

�
�
� f (x) � ~f (x )

�
�
� h(x)dx �

M " N
~B
Z

U K

sY

j =1

�
x( j )

� � A j

dx � M " N
~B

sY

j =1

�
1

1 � A j

�
sC1� min A k N r (max A k � 1) :

The last inequality follows from direct integration, similar to [15, Proof of

Theorem 5.2]. Thus we have C2 = ~B
� Q s

j =1
1

1� A j

�
sC1� min A j .

For the corner-case,we note that the unit cube can be partitioned into
2s cubeswith anchor 1

2 =
�

1
2 ; : : : ; 1

2

�
, and each of them can be bounded like

above. Furthermore, the variation on each of them sums up to the variation
on the whole unit interval, thus we get the samebound with an additional
factor 2s in the constants. ut

Remark 4. Suppose that one uses some classical low discrepancy construc-
tion (e.g. Sobol, Faure, or Halton sequences)in combination with (shifted)
Hlawka-M•uck or the (shifted) interpolation method. Then r = 1 and D N ;H �
CN � 1+ " , and the obtained error will be of the order

O
�

N � 1+ " +
P s

j =1 A j

�
:

When using importance sampling with a distribution that has di�eren t
tail behavior than the original distribution, oneoften endsup with a singular
integral, wherethe density alsohasa singularity at the boundary. In this case,
M " is not �nite, and the bound from above doesnot give any sensibleresult.

On the other hand, if the density tends to zero, one has to expect that
the e�ect of the singularity of the functions should be somehow lightened.
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Thus we will now look at densities that ful�ll another "growth condition" in
a region Us n K around the origin:

8x 2 Us n K : h(x) � Ch

sY

j =1

�
x( j )

� � ~A j

; for some ~A j < 1; Ch 2 R (17)

If ~A j = 1, the bound is not integrable any more. However, since h is a dis-
tribution density function and thus integrable, one should be able to �nd an
integrable bound. We will also assumethat A j + ~A j < 1, as otherwise the
bound for the whole integral would be in�nite.

Using this growth condition, one can now prove a version of the theorem
that takes into account the behavior of h(x) near the origin (or all corners):

Theorem 5. Let ! N , H , and f be the sequence, distribution, and integrand
from Theorem 4. If furthermore the density h(x) satis�es the growth condition
(17), then
�
�
�
�
�

Z

U s
f (x )dH(x) �

1
N

NX

n =1

f (xn )

�
�
�
�
�

� C1DN ;H N r
P s

j =1 A j + ~C2N r (max (A j + ~A j ) � 1)

with C1 from Theorem 4, and ~C2 = ~B Ch
Q s

j =1
1

1� A j � ~A j
sC1� min (A j + ~A j ) .

Proof. The proof follows along the lines of Theorem 4, the major di�erence
being in the bound for the �rst term:

Z

U s nK

�
�
� f (x) � ~f (x)

�
�
� h(x)dx � ~B Ch

Z

U s nK

sY

j =1

�
x( j )

� � (A j + ~A j )
dx

� ~B Ch

sY

j =1

1

1 � (A j + ~A j )
C1� min (A j + ~A j ) sN r (max (A j + ~A j ) � 1) : ut

5.2 Hyp erb olic Regions

A seriousimprovement in the bound for the error order can be obtained by
choosing sequencesthat avoid the origin in a hyperbolic sense(i.e. sequences
that lie in K or ig

pr od(" )) and thus more strongly, as Owen [15] showed for the
uniform distribution. In that case,the

P
A j in the bound can be replacedby

maxA j . We will now state a similar theorem for arbitrary distributions H :

Theorem 6. Let f (x) be a real-valued function on Us (possibly unbounded
at the lower boundary) which satis�es growth condition (13). Let furthermore
! N = (x i )1� i � N be a point set with x i 2 K or ig

pr od("N ) and 0 < " N = CN � r < 1
for some constants C; r > 0. Final ly, let H (x) be a distribution on Us with
density h(x) that satis�es growth condition (17). Then for all � ; ~� > 0 wehave



Non-uniform low-discrepancy sequencesand singular integration 15
�
�
�
�
�

Z

U s
f (x)dH(x ) �

1
N

NX

n =1

f (xn )

�
�
�
�
�

� C(1)
� DN ;H (! ) N � + r max j A j

+ C(2)
~� N ~� + r max j (A j + ~A j ) � r (18)

for constants C(1)
� and C(2)

~� . A similar bound holds for the corner case when
"N < 2� s. The bound holds with � = 0 if the maximum among the A j is
unique, and with ~� = 0 if the maximum among the A j + ~A j is unique.

Proof. We again denoteby ~f the low-variation extensionof f from K or ig
pr od("N )

to Us with anchor 1. Again (16) holds, and the �rst term can be bounded by

Z

U s nK

�
�
� f (x) � ~f (x)

�
�
� h(x)dx � ~B Ch

Z

U s nK

sY

j =1

�
x( j )

� � (A j + ~A j )
dx

= O
�

"1� max j (A j + ~A j )
�

(19)

using a lemma of Sobol ([17, Lemma 3] or [16, Lemma 5.4]) if all A j + ~A j are
distinct. If any two of the A j + ~A j are equal, and they are not the maximum,
one can increaseone of them by a small value without a�ecting the max. If
the maximum is not distinct, one has to increasesomeof them and thus the
maximum by no more than ~� =r.

The variation of ~f was already proved by Owen to be bounded by
VH K ( ~f ) � C1N r max j A j if the maximum among the A j is distinct. If this
is not the casea similar argument like before brings in the � in the bound.

Combining thesetwo bounds, we arrive at (18).
The cornercasecan be arguedsimilarly (see[16, Proof of Theorem5.5]) by

splitting the unit cube into 2s subcubesand investigating each separately. ut

Remark 5. Determination of the asymptotics of " N for hyperbolic regions is
more delicate than for the L-shaped regions. In particular for the corner case
not much is known even for the classical sequencesand the uniform distri-
bution (see e.g. [15]). Neverthenless, it is obvious that sequencesobtained
by Hlawka-M•uck's construction or by interpolation do not result in better
asymptotics than N � s. Thus, in combination with classical low discrepancy
sequencesone will get error estimatesof the order

O
�
N � 1+ " + s max j =1 ;::: ;s A j

�
:
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