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Summary . In this article, we will rst highlight a method proposedby Hlawka and
Meck to generate low-discrepancy sequenceswith an arbitrary distribution H, and
discussits shortcomings. As an alternativ e, we propose an interp olated inversion
method that is also shown to generate H -distributed low-discrepancy sequencesjn
an eort of order O(N logN).

Finally, we will addressthe issue of integrating functions with a singularity on
the boundaries. Sobol and Owen proved convergencetheorems and orders for the
uniform distribution, which we will extend to general distributions. Convergence
orders will be proved under certain origin- or corner-avoidance conditions, as well
as growth conditions on the integrand and the density. Our results prove that also
non-uniform quasi-Monte Carlo methods can be well applied to integrands with a
polynomial singularity at the integration boundaries.

1 Intro duction

The numerical solution of seweral problems arising in nancial mathematics
require the use of non-uniformly distributed point sequencesin many cases,
(pseudo-) random sequencedor a given density are generatedby somekind
of transformation, possibly involving two or more independent random vari-
ables. As quasi-Monte Carlo sequencefollow a given construction scheme,
subsequeh elemens of the sequencedo not satisfy the requiremert of inde-
pendence A good overview over seweral other ways to generatenon-uniformly
distributed (pseudo-)random sequencegan be found in the Devroye's mono-
graph [2]. Unfortunately, almost none of them can be applied to QMC.

In 1972,Hlawka and Meck [8] proposeda method to generateH -distributed
sequenceswith low discrepancy by using the (quasi)-empirical distribution
function instead. Later, they also extendedthe method to multi-dimensional
sequenceg9].
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The caseof dependert random variates is more involved, and hardly any-
thing about this caseis known for quasi-Monte Carlo methods. For special
distributions with given marginals and covariance matrix generation methods
are known, like the NORTA and QUARTA methods [6]. Again, in this case,
the inverseof the marginals needsto be known to apply the transformation,
sothis method is also not applicable in most cases.

In this article, wewill rst investigatethe Hlawka-Muck method and high-
light its shortcomings. We will then propose some adaptions to make the
generated sequencesmore suitable in many practical casesand investigate
sequencegyeneratedby an approximated inversion of the cumulativ e distri-
bution function.

In the secondpart we will point our view to the non-uniform integration
of singular integrands. QMC integration of functions with a singularity at
the integration boundarieswere already investigated by Sobol' [17], and later
as non-uniform integration problems by Hartinger, Kainhofer, and Tichy [5].
Both publications give criteria for convergenceof the singular integral, but
do not explicitly prove error orders. Owen [15] proved thesefor uniform inte-
gration using certain growth conditions on the function near the singularity.
In this paper we will expand Owen's results to integration with respect to
arbitrary densities.

2 Basic De nitions

Remark 1. Although all results in the article will be formulated on the unit
cube Us = [0; 1F%, they are valid on any compact subinterval [a;b] RS by a
simple a ne transformation of the sequenceand all corresponding ertities.

2.1 Discrepancy and Koksma-Hla wka Inequalit y

When dealing with quasi-Monte Carlo sequencesthe most common measure
of their distribution properties is the discrepancy For uniformly distributed

sequence®n US it measuresthe maximum error one can obtain on intervals
parallel to the axes:

De nition 1 (uniform  discrepancy). The discrepancy Dy (') of a se-
quene! = (X1;Xp;:::) is de ned as

Dn() = Jqu|os NiAN ) Q) ;

wher Ay counts the numlger of elementsof (x1;:::;xn) falling into the in-
terval J, i.e. An(J;!') = N j(xXn), and denotesthe Borel-measure of
the interval J.

n=1
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The best sequenceknown to date (e.g. Halton, Sobol, Faure sequencesand
(t; s)-nets) have a discrepancyorder of O (log® N=N ), which is alsoconjectured
to be optimal.

The notion of discrepancyis especially important in view of the famous
Koksma-Hlawka inequality, which allows to bound the quasi-Monte Carlo in-
tegration error by the variation of f multiplied by the discrepancy of the
sequence! . A good discussionof variation can be found in [16], and a de-
tailled overview on discrepancyand low-discrepancysequencess givenin the
monographsby Niederreiter [14] and Drmota and Tichy [3].

A similar concept of discrepancy can be de ned for non-uniformly dis-
tributed sequencesi.e. sequencesith density h or distribution function H:

De nition 2 (non-uniform  discrepancy). The H -discrepancy of the se-
quene ~ = (y1;Y2;:::) measuresits distribution properties with respct to
the measure H on US. It is de ned as

1
Dnim (B) = sup WAN (3% HQ)
AE

Theorem 1 (non-uniform  Koksma-Hla wka Inequalit vy, [1]). Letf bea
function of boundel variation on US, H a prokability distribution with contin-
uous density on US and ~ = (y1;y2;:::) a sequen@ on U®. Then the QMC
integration error can be bounded by

z LN
Usf(X)dH(X) 5 fOn) V(E)Dnwm (H): 1)

n=1

2.2 Existing Metho ds for the Generation of Non-Uniform
Sequences, and Their Problems

The Koksma-Hlawka inequality givesa convergencecriterion for QMC inte-
gration, and shows that asymptotically QMC methods have to be preferred
over Monte Carlo methods, due to their error order of O (log®> N=N) compared
to 1= N for Monte Carlo integration.

For generatingnon-uniformly distributed low-discrepancysequencesmost
desirable would be the direct transformation of uniformly distributed se-
quencesto H -distributed sequencesising the inverseof the distribution func-
tion H ! (the conditional distribution functions or the marginal distributions
for multi-dimensional sequences).Such a transformation presenes the dis-
crepancyin one dimension, i.e.

Dn(t)=Dnwu(H *(1));

and is independert of the value of N, sothat it can be usedto generatean
arbitrary number of points. In most cases,however, the distribution func-
tion is not explicitly available, so this method is no easily applicable. In the
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multi-dimensional casewith dependenciesbetweenthe dimensions,even the
discrepancyis not presened, as intervals are not transformed to intervals.

The most common practice for pseudo-randomvariates, the acceptance-
rejection method, alsofails for quasi-Monte Carlo sequencesThe main reason
is that the rejection e ectiv ely intro ducesdiscortin uities into the integrand,
which leadsto bad results of QMC methods, as several numerical investiga-
tions show (e.g.[12, 18]). Eventhe Koksma-Hlawka inequality fails to provide
error boundsdue to the unboundedvariation of sud functions. An additional
problem is the high number of discarded points, so the cost of generating a
sequenceof N points is at least one order of magnitude higher.

To tackle the problem of integration with other densities, Wang proposed
a smoothed rejection sampling method [18] by adapting the integrand. Thus,
while his method avoids the jumps in the integrand, it cannot be used to
directly generate H -distributed sequences.The same shortcoming appears
with the approach of stratied sampling, where the integration domain is
split into various areas,and in ead arean; uniformly distributed points are
generated.While this methods works well for integration, the sequencesised
therein do not display very good distribution properties.

3 The Hlawka-M uck Metho d

The idea behind the Hlawka-Meuck transformation [8, 9] is to usean approxi-
mation of the distribution function in the inversionmethod. Instead of directly
taking this value, they again usethe original sequenceto count the relative
number of elemers below that value and usethis number as the new point.
This way, the quasi-Morte Carlo error will not only involve the discrepancyof
the original sequenceput alsothe quality of the approximation. They provea
bound on the discrepancyof Dy ()  (1+ 4M)SDy (! ), whereM denotes
the supremum of the density.

In 1996,Hlawka [7] gave a modi cation of the Hlawka-Meck method using
the one-dimensionalmarginal distributions instead of the conditional distri-
butions for the transformation.

De nition 3. Let h(x) be a density function on [0;1]°. For a point x =

x® 1 x(®) 2 [0: 1]° we de ne the marginal distribution functions as

Z,wZ, Z,

Hi(x®) = h(u)du
0 0 0
Z.,Z,0 Z,

Ho(x?) = h(u)du
0 0 0
Z 1Z 1 Z X(s)

Hs(x®)) = h(u)du :
0 0 0



Non-uniform low-discrepancy sequencesand singular integration 5

As ead of the functions H; is invertible, Hlawka de nes a transformation
and bounds the discrepancy of the transformed sequenceas follows:

Lemma 1 (Hla wka [7]). Let H(x) denote a cumulative distribution func-
tion with density h(x) = hy(x®)hy(x@)  hg(x(®)) dened on US and

Mp = suph(x). Let furthermore ! = (Xx1;X2;:::;Xn) be a sequene@ in US
with discrepancy Dy (! ). Then the point set~= (y1;:::;yn) with
. X : k X
i) 1 ) o -1 i
WE ) 1+ x Hp x) = N o) Hj x{) )
r= r=

has an H -discrepancy of
DN;H (L') 2(1+ 3Mh)SDN(! ) .

The advantage of this approad is that the approximation quality of the
distribution function increaseswith the number of sampledpoints N, sothat
the resulting H -distributed sequenceis again a low-discrepancy sequence,
at least for independent marginals. For dependert marginals, in particular if
the distribution function doesnot factor, the discrepancycan only be proved
to satisfy the inequality Dy (F)  ¢(Dn (1)) .

Obsene, however, that in theseintegration problems at least in principle
one can always avoid dependent sequencedy hiding the dependencein the
integrand through an incorporation of an appropriate copula (see[13] for an
intro duction into copulas).

Applying the Hlawka-Muck method to singular integrands, we found [4, 5]
that theselow-discrepancysequenceslsowork well with singular integrands,
but only with an additional shift of all componerts with y!) < 1=N to a
value of 1=N. By this shift the order of the discrepancyis presened, and the
resulting sequencds a low-discrepancysequencewith density h.

However, the Hlawka-Muck method also has se\eral disadvantages:

1. The resulting sequenceas generatedonly on a grid with spacing Ni While
the resulting sequencedisplays the required distribution properties, for
seweral applications ner-grained sequencesre of desire.

2. Sewral points might have identical coordinates, in particular for highly
peakeddistributions. Consequetly, the minimum distanceprinciple, which
is desiredin seweral applications in computer graphics (seee.g.[11]), is no
longer ful lled.

3. The construction of eac point involvesa sum over all other points, sothe
costis O(N?), and the (numerically expensiwe) distribution function has
to be evaluated sN times.

4. One hasto x the number N beforehand,and the resulting setwill heav-
ily depend on it. This also meansthat when adding some points to the
sequenceall other elemerts have to be regenerated.

In the sequelwe will presen seweral ways to solve or at least considerably
improve these problems for most practical uses.
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4 Interp olation

For someapplications the Hlawka-Meck methods have the drawback that all
points of a setwith cardinality N lie on the lattice fx 2 Us x() = i=N for 0

i N;1 | sg. Rather than using the non-cortin uous quasi-empirical dis-
tribution, we therefore proposeto use a smoothed approximation, where the
valuesbetweenthe jumps are interpolated in the empirical distribution func-
tion. The ideais to avoid the lattice structure and improve the approximation
of the inversedistribution function.

Dn(!'N),s ar@ H(x) a distribution function with bounded, continuous den-
sity h(X)gg ~ 1oy hi(x®) and hij(x) M < 1 for all i. Furthermore, let
Hi(x) = (;(hi(u)du anddene for k= 1;:::;N and | = 1;:::;s the values

xﬁ') = ., max o xi('); and x,((') =0 for A =;;
A= xi2 !y H|(Xi(|)) xf(')
xt = min x( and x* =1 forB=;:

B= xi2!n Hi(x") x<k'>O
Then the discrepancy of the set! vy = (Yk)1 k n geneated by

He 0t O MUV
=
Yo' =

k
HOOT Hy ) HOO Hy )

can be bounded by
Dnw () (1+2M)°Dy(!):

For the proof, we needto recall alemmafrom the original paper of Hlawka
and Muck [9]:

Lemma 2. Let!;= (ug;:::;un) and! 2= (vq;:::;vy) be two sgguenesin
US. Ifforalll j sandalll i N the condition
Wi

holds for somevalues”;, we get the following bound on the di er ence of the
discrepancies

w
iDn(Y1) Dn(!2)j 1+24) L 4)
j=1

Proof (Proof of Theorem 2). We rst start with the one-dimensionalcase.

ciesare equal.
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We want to apply Lemma 2 with '3 = !y and !, = H(! y), so for
1 k N weobtain

Hiyk) xki= H) HMH '(x) =
Zyk

. )h(t)dt My H 'xx) MDn(n): (5)

The last inequality can be proved as follows: By the de nition of x, and
X, wehaveH (x,) xx H(xy), and by the monotonicity of H (assuming
it is continuous, otherwise similar argumerts can be used) we get

x, H Yxk) xi:

Furthermore, yx as constructed in (3) is just a linear interpolation between
X, and x; , sowe have the samebounds:x,  yk X .
Subtracting thesetwo, we get the estimate
H (x X: X max minjx; Xjj Dn(n);
(Xk) Y« X maxmingxi o xjj o Dy (tn);
where the last inequality can easily be seenvia the de nition of the discrep-

ancy, or via the notion of dispersion (seee.g.[3]).
Applying Lemma 2 with " = M Dy (! ) nally gives:

iDn('n) Dnn(Pn)i 2MDN(YN)

andthusDN;H ('N) (l+ ZM)DN('N)

For the multi-dimensional versionwe can bound the one-dimensionalpro-
jections like in the one-dimensionalcase(5), so again applying Lemma 2 we
get

Dnin(!n) Dn(Pn)+ (1+2MDn('n))° 1

Expanding the binomial term and using (DN)k Dy, since Dy 1, we
nally getthe desiredresult Dy (! n) (1+ 2M)°Dyn(! n): t

Remark 2. From the proof, it can readily be seenthat this bound holds for
every construction that leadsto

M " Q) (I)+i
Yo' 2 X X

Thus the kind of interpolation is not relevant for the discrepancy bound,
as the smoothnessof the interpolation is not taken into accourt. Using some
additional restrictions on the interpolation, onemight nd ewvenbetter bounds.

In order to integrate functions with singularities at the boundary it will be
cornveniert to shift the interpolated sequencean an appropriate way to avoid
regionsthat lie too closeto the singularity.
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8

>x" A=,
O=_x) ifB=;,

' y,((') otherwise,

has an H -discrepancy of order
DN;H (y\) (1+ 2M )SDN(! )
and the samedistance
; ; in(ol) - ()
m|nN lmjlnS min($, ;1 %)
to the boundaries as the original sequene! .

In the construction one might question why one doesnot usethe point set
NL o k n (0 approximate the distribution function. However, in that case,
adding one single point to the set would then also change the whole set of
support points. As a result, the distribution function for all support points
would have to be reewaluated, which in practice is the numerically expensive
part of the calculation. If one usesthe points of the original low-discrepancy
sequencethe distribution function only hasto be evaluated at the new point,
although all y will still have to be readjusted.

4.1 Using Dieren t Sequences for Appro ximation and Inversion

In the previous section we investigated a transformation, where the distribu-
tion function in ead dimension was approximated using the corresponding
low-discrepancy sequencefor that dimension. Thus the distribution function
hasto be evaluated sN times. As this evaluation is the numerically expensive
part of the generationfor moderate valuesof N it is of advantage for practical
applications to lower the number of evaluations.

The ideanow is to usethe sameone-dimensionallow-discrepancysequence
M= (z)o ; ~ for all dimensionsto approximate the distribution function. If
two or more dimensionssharethe samemarginal distribution, the cumulative
distribution function hasto be ewvaluated only N times instead of a multiple
of N. Again, the resulting sequencedisplays the low-discrepancyproperty:

Theorem 3. Let!" = (7)), ; 5 Pe aone-dimensional sgguen@ with discrep-
ancy Dy (M), and! = (xi), ;  an s-dimensional seguene with discrepancy
Dy (!). Let furthermore H (x) like in Theorem 2, and similarly de ne

I+ _ ; -
n z, = min 0 Z:

I
Z|(<) = max 0Z and
A= z2 M Hi(zi) xV B= z2 " Hi(z) xV
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1 Hlawka- Mick method 1 Inversion method with interpolation
0.8 0.8
Xk Xk
0.6 0.6
0.4 0.4
0.2 0.2 F
X X4 Xa| Xs %k Yd X3 X X Xq| X5 %{ yd X3
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1

Fig. 1. Hlawka-Meck and our interpolation construction

Again, we set z,((') =0if A=, and zlim =1ifB=;.

Then theH-dischemncy of any transformed sequene ! = (yx), , 5 With

the property yl((') 2 Z|(<I) ?Z|(<I)+ foral0 k NandO | scanbe
bounded by
Dniu(!) Dn(M)+Dn(h)2+2M)3:

Proof. Similar to the proof of Theorem 2 we obtain in one dimension
v« H 'x) z z  Dn(™);

and from this jH (yx) Xkj MDyn ("n). As aresult, wehaveDy.y (In) =
Dn(H(*~n)) 2MDn ("n)+ Dn (! n)-

Applying the samestepsto the one-dimensionalprojections, and using the
samerelations asin the previous theorem, we get the bound

Dn ('n) D (Pn)+ Dy (M) (1+ 2M)°
for the multi-dimensional case. t

To get a better understanding of the dierences in the Hlawka-Meuck
method and our interpolation method, both are depictedin gure 1.

In many applications, like the evaluation of Asian options with a given
distribution of the stock prices (seee.g. [4]), all dimensions share the same
one-dimensionaldistribution, and thus the distributiob function can be fac-
tored into a product of s identical factors: H(x) = ~;_; H® (x("), where
H® (x) denotesthe one-dimensionaldistribution function. In that case,the
distribution function hasto be evaluated only N times, instead of SN time as
in other methods.
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Since the sequenceto approximate the distribution function and the se-
quence used for inversion are now decoupled, we can lower the generation
e ort even more by pre-sorting the support points H® (z)

Lemma 3. LetH(x) = Qis:l H® (x(). The numerical cost of geneating an
N -element, H -distributed low-discrepancy sequen® as de ned in Theorem 3
has a numerical cost of O(N logN).

1 k N~

Proof. The generation of the H -distributed sequenceconsistsof seweral steps:

(1) Generation of the uniformly distributed sequencegy ),
(2) Generation of the uniformly distributed sequence(! ),
(3) Calculation of the distribution function Hy = H® (ry),
(4) Pre-sorting the support points Hy ,
(5) Foreahl n N

a) nding the corresponding valuesz, and z, , and

b) calculating the resulting point yy.

Clearly, (1), (2), and (3) are of order O(N). Sorting an N -elemen set of
numerical valuesis of order O(N logN) using Merge Sort or Heap Sort (see

[10Q]). Finally, for each of the N elemers, nding the valuesof z(k') and z(k')+

is of order O(log N) sincethe Ky are already sorted. The actual calculation
of y{" from the z” is of constart order for eat of the N elemens. Thus
we obtain an asymptotic order of

30(N) + O(N logN) + O(N logN) + O(N) = O(N logN): t
Remark 3. If one does not use an N -element sequenceas "y, but an N =
p@e9» N e_elemert sequencepne can always add new points to the sequencen
linear e ort, until the number of elemerns gets larger then N'. Only for these
logarithmically many points all N points createdsofar needto be readjusted.
For all other cases,however, the already existing points do not needto be
touched. This is of advantage and will alsolower the total simulation e ort if
one doesnot know the exact number of required points a priori.

4.2 Comparing the Actual Discrepancy

As a quick ched of our theoretical results, we comparedthe discrepancyof the
sequencegyeneratedby the Hlawka-Meck and by our interpolated transfor-

mation method with the discrepancyof the original sequence Unfortunately,

the L - (or extreme) discrepancy Dy (! n) cannot be calculated explicitly

in dimensionshigher than 2, so we will comparedthe L 2-discrepancy which
describesthe meanerror instead of the maximum error over all subintervals of
[0; 1)° cortaining the origin. As one can already expect from the discrepancy
bounds proved above, for both transforms we do not seeany e ect in the
L 2-discrepancycomparedto the untransformed sequences.
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5 Non-Uniform Integration of Singular Functions

Using the results from the previous sections, one can bound the QMC inte-
gration error for functions of nite variation. Howewer, for functions with a
singularity - which appear for examplein many problemsfrom nance - these
bounds are in nite.

Sohol' [17] proved a corvergencetheorem for singular integration us-
ing uniformly distributed low-discrepancy sequencesOwen [15] proved the
corresponding error orders under some growth conditions on the function.
Hartinger, Kainhofer, and Tichy [5] proved a similar cornvergencetheorem
for non-uniformly distributed sequencesalbeit using an L -shaped region for
cutting o the integral. Sobol and Owen, in contrast, mainly looked at hy-
perbolic regions, which require more sophisticated proof techniques, but can
give better error ordersin general.Both their proofs make useof the so-called
low-variation extension of a function (see[16], although the idea is due to
Sobol’). In the following we will use Owen's notations, where (a : b) denotes
the set of integersa through b, while foru (1 :s) and x;y 2 US we denote
by xY :y Y the point where the coordinates u are taken from x, while the
coordinates (1 : s) nu are taken from y. Also, we will usetwo special types of
regionsthat excludea certain volume around the origin or all corners:

: n ’ o
Kmin (") = x2U° 1mjinsx(l) > " (©6)
i n Yoo o
K;(J)rr:n%(") = x2U® x) > = @
j=1
n . , 0
Kan™ ()= x2U® min min(x4;1  xW)> " (8)
] S
n \6 _ _ 0
Kerner(y= x2 U min(x;1 x0)> - ©)

i=1
K &9 ayoidsthe origin and the lower boundariesvia an L -shaped region, while
K prow @voids it via a hyperbolic region. K 5" and K ;200" have similar
avoidance patterns, but for all cornersat the sametime.

De nition 4 (low-v ariation extension). Letf : U® 7! R be an s-times
di er entiable function (possibly unbounded at the de nition boundaries, but
bounddl inside). Furthermore, let K U*® a region with anchor ¢ 2 US. That
is, for eachx 2 K wehave[x;c] K. Then the low-variation extensionf~ of
f from K to US is de ned by
X Z
f{x) = f (c)+ ( 1YY S el wag @F zW et W dz(W
Bu (Lis) [x(v)ie]

(10)
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Owen [16] showved that its Vitali and Hardy-Krause variation are bounded by

Vus (F) @ 9f (x) dx (12)
X Z

Vi (F) @f x@ 10w gy, (12)
us: Ku(@C W)

using the de nition K, (b¢ W)= xMW 2 yivijx) : pC v 2 K
We will in the sequelonly considersingular functions that ful ll one of the
growth conditions for someA; > 0,B <1 ,andallu (1:59):
Ai jau

A ,
j@f(xj B x1) , or (13)

YS . . Aj j2u
j@f(x)j B min xW;1 xO : (14)
j=1

5.1 L-shap ed Regions

As a rst casewe will considersequenceshat lie in K .9 ("), and thus avoid
the origin in an L-shaped region. This property can easily be seenfor the
Halton and general(0; s) sequencesand alsofor non-uniform low-discrepancy
sequenceshat are generatedby the Hlawka-Meuck transformation (with shift,
as shown in [5]). This casewas already investigated by the authors in [5],
but no explicit error bounds were given. In [4] it was applied to the special
example of pricing an Asian option, and error bounds were given for that
speci ¢ problem.

The error boundsgiven by Owen[16] for the uniform distribution are easily

generalized.

xj 2 K29y )for 1 j N. Letfurthermore H (x) be a distribution on US
with density h(x) and M- = sup,, jspk oo ™ h(x) 1.If f full Is growth
condition (13), and0< "y = CN ' < 1, then

Z
1 X Po a ,
| FOOdH(x) T F (xn) CiDnyuN™ i A4 CNTMx AL D,
s n=1
(15)
with some explicitly computable, nite constants C;, and Cs.
Also, if x; 2 K& (") for all j with 0< "y = CN "< 1=2, andf is

a real-valued function on (0;1)° that ful | Is growth condition (14), then (15)
holds. M+ hasto be taken as the supremum over Us nK 53/ "' (") in that case.

The proof is obtained by replacing the Koksma-Hlawka bound in [15, Proof
of Theorem 5.2] by Chelson's non-uniform bound (1) and factoring out the
suprenum of the density M- when necessary
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Proof. Using a 3"-argumen, we have

Z 1 R Z
Usf(X)dH(X) N () o f(x) fix) dH(x) +
n=1
z X X X
Us1"(X)dH(X) Ni ~(xn) + Ni ~(xn) Ni f (xn) (16)
n=1 n=1 n=1

The last term vanishes,sincef (x) = f{x) on K.

The secondterm can be bounded by Vyk (f)Dnw (1) using the non-
uniform Koksma-Hlawka inequality (1), and using Owen's in(?jquality (12) for
Vi k (F) evenfurther by C;N™ = AiDyy (1) with C; = B [-1 C MA 1

Finally, for the rst term weuseLemmab5.1of [16]: If K US with anchor
c=1,andf fullls growth condition (13), thenforall x 2 Ux = U® K we

have f(x) f(x) B 7, xW A with B= B o 1+ ﬁ .
Thus, the rst term can be bounded by
z z
f(x) f(x) dH(x) f(x) f(x) h(x)dx

uUs Uk
¥ ) Aj ¥
B x0) dx M. B A
Uk j=1 i=1 J

M- SCl min AkNr(maXA;< 1).

N

The last inequality follows from direct_integration, similar to [15, Proof of
Theorem5.2]. Thuswe have C; = B' ] =5~ sCt ™" Ai.

For the corner-case,we note that the unit cube can be partitioned into
25 cubeswith anchor % = %;::1;2 , and ead of them can be bounded like
above. Furthermore, the variation on ead of them sumsup to the variation
on the whole unit interval, thus we get the samebound with an additional

factor 2% in the constarts. t

Remark 4. Suppose that one uses some classical low discrepancy construc-
tion (e.g. Sobol, Faure, or Halton sequences)n combination with (shifted)
Hlawka-Meuck or the (shifted) interpolation method. Thenr = 1and Dy 4
CN *", and the obtained error will be of the order

:I_+"+PvS A
O N j=r A

When using importance sampling with a distribution that has di erent
tail behavior than the original distribution, one often endsup with a singular
integral, wherethe density alsohasa singularity at the boundary. In this case,
M- is not nite, and the bound from above doesnot give any sensibleresult.

On the other hand, if the density tends to zero, one has to expect that
the e ect of the singularity of the functions should be somehav lightened.
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Thus we will now look at densitiesthat ful ll another "growth condition" in
a region Us nK around the origin:

¥ ) A
8x 2 USnK : h(x) Cp x0) "' for someAj < 1,C, 2 R (17)
j=1

If A; = 1, the bound is not integrable any more. However, since h is a dis-
tribution density function and thus integrable, one should be able to nd an
integrable bound. We will also assumethat A; + A} < 1, as otherwise the
bound for the whole integral would be in nite.

Using this growth condition, one can now prove a version of the theorem
that takesinto accourt the behavior of h(x) near the origin (or all corners):

Theorem 5. Let! y, H, and f be the sequene, distribution, and integrand
from Theorem 4. If furthermore the density h(x) satis es the growth condition
(17), then

z 1 X LN r(max(Aj +Aj) 1)
f (X)dH(X) W f (Xn) C]_DN;H N i=t %+ CoN ! !
us n=1

with C; from Theorem 4, and C, = B Cj, stzl T SCt mn(Ait A,
J J

Proof. The proof follows along the lines of Theorem 4, the major di erence
being in the bound for the rst term:

z Z
f(x) f(x) h(x)dx BCy x()
UsnK UsnK i=1
¥ 1 .
B—-Ch Cl mln(Aj+Kj)SNr(max(Aj+/-\‘j) l): t
1 (A +A)

(Aj+A))
d

5.2 Hyp erbolic Regions

A seriousimprovemert in the bound for the error order can be obtained by
choosing sequenceshat avoid the origin in a hyperbolic sense(i.e. sequences
that lie in K 7 75(")) and thus more syongly, as Owen [15] showed for the
uniform distribution. In that case,the A; in the bound can be replacedby

maxA; . We will now state a similar theorem for arbitrary distributions H:

Theorem 6. Let f (x) be a real-valued function on U® (possibly unbounded
at the lower boundary) which satis es growth condition (13). Let furthermore
I'n = (xi); | y beapoint setwith x; 2 K % ("y) and0< "y = CN "< 1
for some constants C;r > 0. Finally, let H(x) be a distribution on U® with

density h(x) that satis es growth condition (17). Then for all ; ~> 0wehave
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z X
f (x)dH(x) Ni f (Xn) CODyy (1)N F7MaX A
’ 1

u n=

+ CEZ)N~+rman(Aj+Kj) r (18)

for constants CY and C(f). A similar bound holds for the corner case when
"N < 2 3. The bound holds with = 0 if the maximum among the A; is
unique, and with ~= 0 if the maximum amongthe A; + Aj is unique.

Proof. We again denote by f~the low-variation extensionof f from K S::)%(N )

to US with anchor 1. Again (16) holds, and the rst term can be bounded by

z z Yo o (A Ay
f(x) f(x) h(x)dx BCy x() dx
UsnkK UsnK =1

- O nl man(Aj‘FKj) (19)

using a lemma of Sobol ([17, Lemma 3] or [16, Lemma 5.4]) if all A; + A; are
distinct. If any two of the A; + A; are equal, and they are not the maximum,
one can increaseone of them by a small value without a ecting the max. If
the maximum is not distinct, one hasto increasesomeof them and thus the
maximum by no more than ~=r.

The variation of f~ was already proved by Owen to be bounded by
Vuk () CiNT™™Maj Aj jf the maximum among the A; is distinct. If this
is not the casea similar argumen like before brings in the in the bound.

Combining thesetwo bounds, we arrive at (18).

The corner casecan be arguedsimilarly (see[16, Proof of Theorem 5.5]) by
splitting the unit cubeinto 2° subcubesand investigating ead separately t

Remark 5. Determination of the asymptotics of "y for hyperbolic regionsis
more delicate than for the L-shaped regions.In particular for the corner case
not much is known even for the classical sequencesand the uniform distri-
bution (seee.g.[15). Neverthenless,it is obvious that sequencesobtained
by Hlawka-Meck's construction or by interpolation do not result in better
asymptotics than N 5. Thus, in combination with classicallow discrepancy
sequence®ne will get error estimatesof the order

O N ]_+"+smaxj:1.....
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