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Koksma-Hlawka inequality (f of bounded Variation):
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Problem: correlations between elements




Risk Model with constant interest force
and non-linear dividend barrier

dividends
reserve R
t / dividend barrier b,

- claims ~ F(y)
—— premiums

¢(u,b) ... probability of survival

W (u,b) ... expected value of discounted dividend payments




Integro-differential equation for W (u, b):
(cin) B — L W (A W A [ W (u—zb)d ()=0
0

with boundary condition 9%|  =1.

Solution is fixed point of integral operator = apply it iteratively or
recursively

t* _ (+u)et—¢ . " 1/m
Ag(u,b) = / )\e_()‘ﬂ)t/ gl (d+u)e - — 2, (bm + a) dF(z)dt
0 0

o0 G e 1/m
+ / )\e_(HZ)t/ g (bm + é) — 2z, <bm -
t* 0

00 t
+/ )\e)‘t/ e ((c—l— iu)e’ — — ) ds dt,

—> Solution is just a high-dimensional integration problem.




Numerical solution of delayed differen-
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y'(t) = f(tylt),yt —7(t)),...,ylt —7(t))), fort >ty k>1,
= fort <t,,

with

f(t,y(t), yret(t)) . . .piecewise smooth in y and ¥,
bounded and Borel measurable in ¢
..solution, d-dimensional real-valued function
..cont. delay functions, bounded from below by 75 > 0,
satisfy t1 — 7;(t1) <ty — 7;(ts) for t; <ty

..initial functi t. inf t—T1:(t)),to!.
initial function, cont. on togtl,lfgjgk< 7;(t)) , to
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Sketch of the numerical solution

For heavily oscillating DDE: conventional Runge-Kutta methods unsta-
ble.

e Hermite interpolation for retarded argument = ODE

e use RKQMC methods for ODE:
Large Runge-Kutta error for heavily oscillating DE
Idea (Stengle, Lécot): integrate over whole step size

— Runge Kutta: Integration over y and ¢ discretized

— RK(Q)MC: Integration over y discretized, numerical Integration
in ¢ (using MC or QMC integration to minimize the error)
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Hermite interpolation
Use hermite interpolation for the retarded arguments:

ot —75(t)), if ¢ — 7(t) < to
Pyt —7j(t); (vi); (vi)) otherwise

zj(t) =yt —7(1)) = {

DDE transforms to a ODE:

y(t) = fty(t),y(t —n(t)),. ...yt —7(t)) =
~ f(tv y<t>7 Z1<t)7 R Zk(t» = g(tv y(t)> :

Solution has to be piecewise 7 /2-times continuously differentiable in ¢.
Resulting ODE has to fulfill requirements for RKQMC methods (Borel-
measurable in ¢, continously differentiable in y(t)).
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h,, _
Ynt1 = Yn T+ Z GS (tj,n; y)

sIN

0<j<N

G (tjn;y) ... differential increment function of scheme

G1(u;y) = f(u,y)

Go (:9) = f (@, 9) + 5 (12,9)) + - F (2, + @haf (11,3)

Lo
Gs(:y) = a1 f(in,y) + Y agyf (T, y + baghn f (11, y)) +
=1
L3 1 2
+ Z as i (ﬁ?)? Y+ b;(),,l)hnf (ﬂly y) + bg(),’l)hnf (ﬂ27 Yn + CS,lhn(ala yn)))
=1
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RKQMC for Volterra functional equations
t >ty

Sgto

e (F'y)(t) contains dependence on retarded values.

e [" and f are Lipschitz continuous in all arguments except ¢.

RKQMC method (n > 0):

N
YUns+1 = Yp + hn Z Gs (tn,za Yn, 2(t))
1=1

2(t) = (Fy;)(t)




Convergence: RKQMC for DDE

Theorem|K., 2002] If

(i) RKQMC method converges for ordinary differential equations with
order p

(ii) the increment function G of the method and F' are Lipschitz

)
(iii) the interpolation fulfills a Lipschitz condition
)

(iv) Hermite interpolation is used with order r
(v) the initial error ||eg|| vanishes

then the method converges.
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Theorem|K., 2002] If

(i) RKQMC method converges for ordinary differential equations with
order p

(ii) the increment function G of the method and F' are Lipschitz

)
(iii) the interpolation fulfills a Lipschitz condition
)

(iv) Hermite interpolation is used with order r
(v) the initial error ||eg|| vanishes

then the method converges. If at least ii and iii hold, the error is bounded

by

(e 1)

L

lejall < lleoll €5 + ([[ESVF|| + £1L || Ee]])




Special case: one retarded argument

Choose the RKQMC method:
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Special case: one retarded argument

Choose the RKQMC method:

e G Lipschitz (£2) in 2" and 3'% argument, bounded variation (in the sense of Hardy and
Krause).

e d ¢y, ¢9, c3 such that forap >0

loc. trunc. error ||e,|| < c1(hy)h?
RK error ||0,] < ca(hn) |lenl|
QMC error ||dy|| < e3(hn)Dy(S)

e interpolation order p, fulfils a certain Lipschitz condition

Then the error ||e,|| = ||y, — y(t,)|| of the method is bounded from
above by:

leall < Jleo]| € (=+5) 4




Numerical examples
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slowly varying (small X): conventional RK better
rapidly varying (high X): RKQMC outperform higher order RK
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y’(t)zw%(y(t 5 t 1)) t>0

y(t) = sin(A\tm), t<O0,

Exact Solution: y(t) = sin(Atw)

e No discontinuities in any derivative

Y

e k-th derivative only bounded by A¥ — ”exploding” error

LOQQ(S&Amem)) Butcher

20 Heun

151 e o Runge
RKQMC1, N=1000
RKQMC2, N=1000

RKQMC3, N=1000

RKQMC schemes can delay the instability of the solution for heavily
oscillating delay differential equations.
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QMC integration is more expensive than 1 evaluation (Runge-Kutta)
— Compare a time-corrected error

A,(meth)
Log (St ) Butcher
Heun

15 Runge

10 V2 -~ RKQMC1, N=1000
’ F RKQMC2, N=1000
RKQMC3, N=1000

5

Fig: Time-corrected error of the RK and RKQMC methods

Result: RKQMC methods loose some advantage, but still better than
Runge-Kutta for heavily oscillating DDE.




Non-uniform QMC integration of singu-
lar integrands

1. Convergence theorem
2. Sketch of proof

3. Hlawka-Miick construction for h-distributed low-discrepancy se-
quences

4. Numerical example (pricing of Asian options)
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H-Diskrepancy
H-discrepancy of a sequence w = (y1, s, - - . ):
1
Dy p(w) = sup NAN(J’ w)—H(J)|,
JCL

with L ... support of H,

J ... intervals [d’, 5} , Ay ... number of elements of w lying in J.

Koksma-Hlawka inequality (arbitrary distribution)

Let f a function of bounded variation (in the sense of Hardy and
Krause) on L and w = (y1,¥s, - .. ) a sequence on L. Then

[ Fa@at () = 3 f)| < VIDxate)

n

N
=1
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Convergence of the multidimensional QMC estimator

Theorem|Hartinger, K., Tichy, 2003] Let f(x) be a function on L =
la, b] with singularities only at the left boundary of the definition interval
(i.e. f — +oo only if 1) — q; for at least one j),

and let furthermore

: (7)
Cy; = mmin A a; < c;: < Cy .
N,j 1§n§Ny” j i > CN,;j

If the improper integral exists, and if

Dy p(w) - V[c,b](f) = o(1),

then the QMC estimator converges to the value of the improper integral:

1 &
]ggrgoﬁnz:;f(yn): . f(z)dH (z).







