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When do we get singular integrands?

| In nance: expectation values/ integr als over RS,
transformed to [0; 1P using inversion

| E.g. Payoff of Asian call option with log-r eturn x(V  H;:
|
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Singular ity on the whole lower boundar y of [0; 1]™
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- Letcy = MiNg 1 N1 s m XYY, and

Theorem (Sobol)Q
ﬁw( )= X2K T, oxW fori® f1;2:::;mg. If
< o Xiy i1 1Gg f (9(x) dx;, :::dx;. converge for all i®and for

|
n! 1 we have -

D,(\i,o) f09(x) dxi, 11:dx. = o(1);
GiO(CN)
then the QMC sum converges to the actual value of the integr al.

Owen (2004) gave explicit error estimates under certain
growth conditions using alow-variance extension f of f:

r\ | = O n It trmax; A



Theorem (Hartinger, K., Tichy): f (x) : [a;b] 7! R, singular at left
boundary, H prob. dist. ! = (y1;y2;:::) [a;Db]. Let
al) < ¢li) c(,\Jl) = miny , n YV . If the integr al exists and

Dnh (F) Viepy(F) = o(1);
) QMC estimator converges to value of the impr oper integr al:

1 X z
im —  f (yn) = f (x)dH (x) :

N1 N n=1 [a;b]

| Theorem uses L-shaped region (Owen's K °''9), Sobol used

_ min
hyperbolic region (Owen'sK /5%).

| Cut-Off cy depends on how fast the sequence tends to the origin.



Theorem (Hartinger, K., Predota): For H(x) = H1(X1):::Hm(Xm)
with h;j(x) < h (x) for all x > xg and some and Xq (h (X)...
double-exp. dist.) and1 | m, the convergence order for
the Asian option valuation using digital (0;s) or Halton
sequences and the inversion method is

log" N

O Nlm:

Sketch of Proof: Bound easy for double exp. distr. (log and exp
cancel each other), then bound all lighter-tailed distr ib utions by this.

I all (0;s) sequences have the same bound



Theorem (Hlawka, 1997): Let H (x) = Hy(xW) 1 HnL(x(™) a

with

. 1)(\'1- K 1 X
g) — = =
Y ' =

() ' _
N 1+ X, H; Xﬁ” = N ox(y M X
r=1 r=1
has an H -discrepancy of

D (M) (1+ 4My)™Dy (1) :

| Generated on lattice ) some identical points
I Points might be generated at 0

I If H(x) does not factor ) discrepancy not of O(log™ N=N).



Uniformly distr ib uted low-discr epancy sequences
already avoid the origin with order O(g) or O(gx)-

Transformed sequences do not necessarily have this
property! Solutions:
Move all elements 3 to =) only small number of
points needs to be modi ed, discrepancy bound stays
the same (Hartinger, K., Tichy)
Scale[0;1]"to[ ;1 n]™) all points modi ed,
relative distances are preserved, same discrepancy
bound (Owen)



Theorem (Hartinger, K., Predota): Using the

Hlawka-M tck-type method for a H-distr ibuted sequence ! , the
convergence order of the direct QMC algorithm for the

Impr oper integr ation problem of the Asian call option can be

bounded by og" N

N1 m=
Here denotes the parameter of the doub le-exponential

distr ib ution used to transform from R™ to the inter val [O; 1]™
and back.

O

Sketch of Proof: Direct estimation of all terms in the proof of the
general convergence theorem.
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ldea: Appr oximate DF with sequence ", use inversion of
seq. ! .

Advantage: If H(x) = H®(x1) 1 HO(xy), then HD does
not have to be calculated for each dimension separately

I If not f (x) = 0a.s. (in ball around 0)) no points
generated at 0

I Lower bound for distance to 0 can be given using the
derivatives of H ) transformed sequence also avoids
the origin (no move necessary), depending on the
used distr ib ution.



Theorem (Hartinger, K.): Let™ = (z),  [0;1]the support

sequence, ! = (X;); y [0;1]" an m-dim. sequence. De ne
z) =,  max o,z and 2z =, min . z:
zi2 ™ H|(z) xf(') zi2 ™ H|(z) x(k')

Then the H-discrepancy of any transformed sequence
= (W), With v 2z ;2" can be bounded by

Dnyiv(!)  Dan (M) + Dn(P )L+ 2M)°:

| Origin avoidance Hlepends pn how the new elements are
generates inside z\) ;z\’* |



Using pre-sorting of H® (1)) Effort for generation can
be lowered to O(N logN):

1. Generation of u.d. sequ. ("y), (! n) ... effort O(N)
2. Calculation of Uy = HO (1Y) ... effort O(N)
3. Pre-sorting of support points By ... effort O(N logN)
4, Foreachl n N andeachdimension 1 | m:
i Finding 2" and 2’* ... effort O(N logN)
Il Calculation of result ylﬁ') from them ... effort O(N)

Combined this gives in effort of O(N logN) compared
to O(N ?) for the Hlawka-M tick method



Thank you for your attention!
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